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During the first year of this research program, a systematic study has 
yielded integral representations for both kinetic and kinematic aspects of 
flow problems under very general circumstances--for transient and steady, 
compressible and incompressible, viscous and potential, turbulent and laminar 
flows. Implementation of numerical procedures for several types of flow 
problems has been explored. For the steady, incompressible, viscous flow 
problem, a procedure has been developed, calibrated, refined, and applied to 
several test problems. 
The integral representations are exact equivalences of the more 
familiar differential equations of motion. Numerical procedures based on the 
integral representations, however, have been shown to possess distinguishing 
features not available to those based on differential formulations or the usual 
finite-element formulations. These features have been shown to lead to 
several important attributes, in particular, the ability to confine the solution 
field in incompressible flows to regions of viscous flow and the ability to have 
the confined solution field segmented and each segment treated individually. 
It has been demonstrated by analyses and by numerical illustrations, in the 
case of steady incompressible flows, that these attributes enable the integral-
representation method to transcend the limitations of prevailing methods and 
to be particularly well suited for flows at high Reynolds numbers. 
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RESEARCH ACTIVITIES AND RESULTS 
During the first year of this research effort, a systematic study of 
integral representations for flows under very general circumstances has been 
made, and the implementation of an integral-representation method for the 
solution of steady incompressible viscous flows has been carried out. 
Predicted advantages of the method have been demonstrated by the solution 
of several sample problems of practical interest. Considerable experience 
has been gained and additional problems of great complexity are being solved 
using this new method. Specific tasks that have been carried out are 
described below. 
r - 
(I) 	Further extension of the integral-representation method.  
With the integral-representation method, the kinematic and kinetic 
aspects of the flow problem are formulated as integral representations for 
field variables. There are several alternative methods of establishing integral 
representations in somewhat different forms, each possessing unique features 
of interest. A systematic study of formulation of integral representations for 
elliptic and parabolic differential equations has been completed. Application 
of the integral-representation method to various types of flow problems—
potential and viscous, time-dependent and steady, incompressible and com-
pressible--has been considered. The results of this study are described in a 
recent article by the principal investigator. (No. I in the attached list of 
publications.) The availability of integral representations under very general 
circumstances is expected to be a significant factor in future solutions of 
flow problems, including but not limited to steady incompressible flows which 
form the focal problem for numerical studies in the present research. 
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A difficult aspect of previous numerical methods for the solution of 
viscous flow problems has been the establishment of "extraneous boundary 
conditions". The present research showed that the use of integral 
representation eliminates this difficulty. A comprehensive discussion of this 
point concerning the kinematic extraneous (vorticity) boundary condition is 
presented in Article 2 of the attached list of publications. The method 
described in that article has been extended and successfully used in the 
kinetic part (extraneous vorticity gradient boundary condition) of the 
numerical procedure. 
(2) Development of analytical expressions for geometric functions. 1 , • 
The solution procedure based on integral representations requires the 
evaluation of geometric functions which are dependent on (a) the relative 
position of the point at which a field variable is to be computed and the 
position of the element contributing to the field variable, (b) the shape of the 
element, and (c) the order of the interpolation function used for the element. 
An exact analytical expression has been derived during the reporting year for 
these geometric functions. This expression is valid for elements of any 
polygonal shape with any number of sides and with any order of interpolation 
function. The availability of this general analytic expression makes it 
possible to represent complex boundary geometries in a convenient manner, 
to compute field variables in a highly efficient and accurate manner, and to 
establish optimum solution procedures as described below. 
(3) Establishment of optimum solution procedures.  
The new integral representation formulation of the viscous flow 
problem is widely different in form from the differential equations or the 
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variational principle or Galerkin formulations that form the basis of finite 
difference and finite element methods. This difference has led to many 
drastic advantages, for example, the confinement of the solution to the 
viscous region, and at the same time has necessitated the development of 
entirely new numerical procedures. Exhaustive analyses and numerical 
experimentation have been carried out to establish optimum solution 
procedures. The major conclusions reached are: (a) Second order triangular 
elements are among the most suitable ones to use in conjunction with the 
integral-representation method. They lead to highly accurate solutions and 
require relatively small amounts of computing effort for a wide range of flow 
conditions. (b) An iterative procedure, in which velocity and vorticity 
distributions are alternately computed using values obtained in the previous 
iteration, has been shown to be highly efficient. (c) High Reynolds number 
solutions may be obtained efficiently by using low Reynolds number solutions 
for the same geometry as an initial solution to begin the iteration solution. 
Further refinements of the solution procedure are being studied. The 
procedure in its present stage of development, however, has been shown to be 
already drastically more efficient, in terms of computing effort and 
accuracy, than previously available methods. 
(4) Numerical simulation of interior flow problems.  
As a test problem for the numerical procedure that has been developed, 
Couette flows between , parallel plates with zero, favorable, and adverse 
pressure gradients were treated. This problem is one-dimensional and has a 
well known exact solution. In the present study, however, the problem was 
treated as a two-dimensional flow inside a rectangular region. The velocity 
at the boundary of the rectangle, known from the exact solution, is the only 
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prescribed condition in the numerical procedure. Considerable computer 
experimentation was carried out on the basis of this test problem. 
Solutions were also obtained for a two-dimensional square cavity with a 
moving flat plate above it. The results for Reynolds numbers 1, 100, and 600 
were presented in Article 3 of the list of publications and compared with 
available solutions obtained using various other methods. The present method 
was shown to possess remarkable solution speed and accuracy, and to simulate 
physical processes more accurately than some other methods. 
In addition to the above itemized activities, numerical results have also 
been obtained for two-dimensional stagnation point flow. A study has,,been 
made to implement techniques of solution field segmentation. Work 
completed during the first year of this research has been restricted to the 
kinematic aspect of the problem. The conclusion reached was that 
segmentation techniques offer very drastic reductions in computing effort 
with no adverse effects on solution accuracy. Studies have also been made to 
extend the integral-representation method to turbulent flows. Very 
encouraging results were obtained using the integral representation method in 
conjunction with a two-equation turbulence model. 
RESEARCH ACCOMPLISHMENT 
Many separated viscous problems of practical concern remain today 
beyond the scope of prevailing finite-difference and finite-element methods. 
This limitation is primarily due to the often prohibitive amounts of computing 
effort required to obtain reasonably accurate solutions and is particularly 
acute for flows at moderate and high Reynolds numbers. In the present 
research, the basic cause of the obstacle of excessive computing time has 
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been examined, analyzed, and alleviated for incompressible flows. As a 
result, a new method which transcends the limitation of prevailing methods 
and which is well suited for separated viscous flows at high Reynolds numbers 
has been established. 
For a large class of high Reynolds number flow problems—generally 
those requiring excessive computing effort--there exists in the flowfield a 
small region in which effects of viscous forces are important and gradients of 
field variables are large. This small viscous region is embedded in a much 
larger region of essentially potential flow in which the gradients are much 
smaller in comparison. In other words, the length scale for the viscous region 
is much smaller than that for the potential region - Prevailing finite-
difference and finite-elemnet methods are based on flow equations 
formulated as differential relations and relations obtainable through the 
concepts of variational principles, weighted residuals, or Galerkin's approach_ 
In the kinematic aspect of the incompressible flow problem, the differential 
equations (and their finite-element derivatives) are elliptic. As a 
consequence, a solution involving the entire flowfield, inclusive of the viscous 
nd the potential regions, is required in the prevailing methods. This means 
that the two regions involving vastly different length scales must be treated 
simultaneously. It then becomes extremely difficult to devise a data grid 
which provides sufficient solution resolution in the viscous region and yet 
does not contain an excessive number of data points--and hence requires 
excessive computing time and data storage--in the potential flow region. 
A systematic study of alternative formulations of flow equations has led 
to integral representations of field variables that are exact equivalences of 
the differential equations of motion but that allow the evaluation of field 
variables using explicit numerical procedures. Both the kinetic aspect and 
the kinematic aspect of flow problems have been expressed as integral repre-
sentations under rather general circumstances--for transient and steady, 
compressible and incompressible, viscous and potential, turbulent and laminar 
flows. The distinguishing feature of integral representations, that it permits 
explicit evaluation of field variables, permits the solution field for incom-
pressible flows to be confined to the viscous region. The obstacle of 
excessive computing needs, caused by simultaneous treatment of viscous and 
potential regions as discussed earlier, is therefore alleviated.. 
For the problem of steady incompressible separated laminar flow, which 
forms the focal problem for numerical studies in the present research 
problem, a numerical method based on integral representations for the 
velocity and vorticity vectors has been developed, calibrated, and used in 
studies of several test problems of practical interest. Predicted advantages 
of the new method have been verified by analysis and by numerical 
experimentation. In particular, it has been demonstrated that the method 
transcends the limitations of prevailing methods and is particularly well 
suited for flows involving appreciable flow separations at high Reynolds 
numbers. 
The successful implementation of the integral representation method 
for the steady, incompressible, laminar flow problem is highly significant 
since it demonstrated not only the validity but also the striking advantages 
offered by this entirely new approach to a very complex problem. These 
advantages are not limited to steady, incompressible, laminar flows. Indeed, 
a critical examination of the integral representations for incompressible 
time-dependent flows and turbulent flow reveals no fundamental difficulties 
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in the implementation of this new method for these types of flows.* It is 
concluded that a much brighter prospect of accurate quantitative prediction 
of fairly complex viscous flow problems at high Reynolds numbers is now in 
sight. 
*The study of turbulent flows of course requires a suitable description 
of the turbulence phenomena. A limited amount of research has been 
conducted using the integral representation method in conjunction with a 
two-equation turbulence model. Very encouraging results have been obtained. 
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RELATED EVENTS 
The principal investigator has been invited to actively cooperate on a 
NATO project in Turkey that is related to this research. He has also been 
invited to present lectures at three different specialist seminars and work-
shops on topics originating in part from this research program. A local air-
craft industry—the Lockheed-Georgia Company has requested some of the 
research results and is presently utilizing parts of subroutines prepared in the 
course of this research. Several governmental and educational institutions, 
both in the U.S. and abroad, have initiated research work utilizing integral 
representations that have been developed here. 
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SUMMARY 
A systematic study has yielded integral representations for both kinetic 
and kinematic aspects of flow problems under very general circumstances --for 
transient and steady, compressible and incompressible, viscous and potential, 
turbulent and laminar flows. Implementation of numerical procedures utilizing 
the integral representations for several types of flow problems has been com-
pleted. In partiCular, for steady incompressible viscous flows, a standardized, 
user-oriented package of computer code was developed and calibrated for internal 
two-dimensional problems. This package requires as input only the geometry 
and the velocity condition of the flow boundary. The anticipated advantages of 
superior solution efficiency, solution accuracy, and procedure universality have 
been conclusively demonstrated by numerical illustrations. Solutions have been 
obtained for a number of complex viscous flow problems involving flow separation. 
The application of integral-representation approach has been extended to compres- , 
 sible and turbulent flow problems. 
RESEARCH ACTIVITIES AND RESULTS 
In the Research Proposal submitted to NSF and dated December 15, 1974, the 
principal investigator stated the following specific objectives: 
"The primary objective of the proposed research is to fully develop a new 
method for the solution of steady incompressible viscous flow problems, utilizing 
the integral-repre'sentations formulation of the Navier-Stokes equation, which 
transcends the limitations of previous methods for flows involving high Reynolds 
number and complex geometries. The secondary objectives are to further imple-
ment several solution techniques made possible by the integral-representations, 
including the segmentation of solution field and kinematical treatment of 
boundary conditions, that remove the difficulties encountered in other methods. 
In addition, the integral representations for compressible and time-dependent 
problems will be studied. The proposed research emphasizes a combined theo-
retical and numerical study." 
These objectives have all been reached. The development of the integral 
representation method for the numerical solution of steady laminar incompres-
sible flow problems has been completed. Furthermore developments of this 
method for unsteady flows, compressible flows, and turbulent flows have been 
initiated under separate projects. Specific tasks that have been carried 
out are outlined below: 
(1). Development of exact analytical expressions for geometric functions. 
The numerical quadrature of integrals involved in the integral-represen-
tation method requires the evaluation of certain geometric functions. The 
solution procedure developed in conjunction with the method employs polygonal 
finite elements to map out the solution field. Geometric coefficients associ-
ated with elements of any polygonal shape with any number of sides and with 
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polynomial interpolation functions of any order have been expressed in closed 
forms. The availability of these closed form expreSsions made it possible 
to routinely accomodate complex boundary shapes, to carry out the necessary 
computations with superior efficiency and high accuracy, and to establish a 
standarized solution procedure for various types of flows. 
(2). Refinement and optimization of flowfield segmentation method. 
It has been shown that the integral representation method possesses the 
distinguishing ability of confining the solution field to the vortical region 
of the flow. For high Reynolds number flows where the major portion of the 
flowfield is non-vortical, the drastic reduction of the solution field offers 
great computational advantages. Segmentation of the solution field, already 
confined to the vortical region, is possible if the integral representation 
method is used. It has been shown in this research, analytically and numeri-
cally, that flowfield segmentation provides an inherent flexibility to the 
solution procedure and offers further drastic computational advantages. 
(3). Parallel programming  
It has been shown that the segmentation of solution field enable the 
computation of field variables at nodes interior of each segment to be per-
formed individually, independent of those of other segments. This ability 
is ideally suited for the solution of three-dimensional problems (which re- 
quire enormous amounts of computation) on super computers possessing parallel 
programming features. 
(4). Numerical simulation of internal flows. 
A standarized, user-oriented computer code for solving two-dimensional 
internal laminar flows within arbitrarily prescribed boundaries has been devel-
oped. This computer code is prepared and documented under a separate project, 
using the basic knowledge gained in the present research. This code requires 
only the input of node locations and velocity boundary conditions. No addit-
ional efforts, such as special techniques for handling complex boundary shapes, 
are required. This code has been used to treat a large number of internal 
flow problems, including flows in rectangular cavities and inside constricted 
channels. 
(5). Numerical simulation of external flows  
A large number of unsteady external flow problems have been solved under 
separate projects using the integral representation for only the kinematic 
aspect of the problem. These problems include viscous flows past stationary 
and oscillating airfoils. Under the present project, the kinetic aspect of 
the unsteady flow problem has been recast into an integral representation. 
New numerical procedures have been developed for this new formulation of the 
entire unsteady problem as a set of integral representations. Numerical results 
have been obtained for test problems involving time-dependent flows past finite 
flat plates and circular cylinders. The computational advantages of this 
approach have been conclusively demonstrated. 
In addition to the five specific tasks originally proposed, efforts have 
been devoted to the generalization of the integral-representation approach 
in studies of turbulent and compressible flows. The overall activities carried 
out at Georgia Tech in developing the integral-representation approach is repre-
sented by the list of articles given in this report. 
MOST SIGNIFICANT RESEARCH ACCOMPLISHMENT 
Under this project, a new approach based on the integral-representations 
of flow variables has been fully developed for the numerical solution of steady 
incompressible viscous flows. Several unique attributes of this approach has 
been demonstrated conclusively and implemented successfully. The approach has 
been utilized to solve various problems of practical importance. It has re-
ceived recognization within the fluid dynamics community as one of the most 
advanced approaches for viscous flow problem. 
In spite of recent progress in computational methods, many flow problems 
involving appreciable regions of flow separation are beyond the scope of con-
ventional finite-difference and finite-element methods. The limitation of 
these conventional methods is especially acute for high Reynolds number separated 
flows. This limitation is a direct consequence of at least three major obsta-
cles: (1) the excessive computer time and data storage needs for the solution 
of the Navier-Stokes and continuity equations, (2) the difficulties and uncer-
tainties associated with the numerical treatment of certain boundary conditions, 
and (3) the lack of accurate and general methods of describing turbulent trans-
port phenomena which occur in separated flows at large Reynolds numbers. 
The integral-representation approach transcends the limitation of the 
conventional finite-difference and finite-element methods because of a distin-
guishing feature it possesses. It allows the velocity (or stream function) 
values to be computed explicitly, point by point, rather than implicitly. 
This feature offers several highly advantageous attributes: (a) the solution 
field can be confined to the viscous region of the flow, (b) the confined 
solution can be segmented and each segment treated independently of other 
segments, and (c) numerical boundary conditions that presented difficulties 
in conventional methods can be treated in a precise manner. Detailed discus- 
sions of the distinguishing feature and the advantageous attributes it offers 
are presented in published articles (See attached list). 
In the earlier stage of development of the integral-representation approach 
(Articles 1 to 5), the emphasis of research has been focused on the demonstration 
of the validity of the new concepts involved. Detailed investigations of the 
various advantages offered by this approach constitute this stage of development. 
In particular, it has been shown that the approach is useful under quite general 
circumstances, for compressible as well as steady flows, two-dimensional as well 
as three-dimensional flows, potential as well as viscous flows (Article 9). 
The superior solution efficiency and accuracy has been firmly established 
(Articles 13, 17). It was shown by numerical illustrations that a factor 
of twenty, or more, reduction in computing needs, from that associated with 
previous methods, are obtained for problems involving complex boundary geome-
tries. The first obstacle, that of excessive computing needs, is removed 
for two-dimensional flow problems by the integral-representation approach. 
In fact, a standardized, user oriented, code of computer program has been 
made available for steady internal flows (Articles 13, 20). The input required 
for this program is extremely simple. The computer time required for a problem 
of reasonable complexity in two-dimensions is only a few minutes on the CDC-
6600 computer. 
The second obstacle mentioned above, that associated with the numerical 
treatment of boundary conditions, is also removed by the integral-represen-
tation approach. Detailed discussions about this problem are given in Article 
11 . 
The third obstacle, that of lack of suitable methods of describing turbu-
lent transport phenomena, partly results from the first two obstacles. That 
is, the lack of highly efficient numerical procedures has severely limited 
the ability of researchers to test and calibrate various proposed models of 
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turbulence. Because of the necessarily empirical foundation of turbulence 
modeling, such tests. and .calibrations must be extensive. The superior solution 
speed and accuracy offered by the integral-representation approach offers an 
exciting opportunity in this regard. Efforts in computing turbulent flows 
constitute the main emphasis of future research by the principal investigator 
and his associates at Georgia Tech. Although these efforts were initiated 
only recently, very encouraging results have already been obtained for various 
types of turbulent flows (Articles 15, 16, 21). 
PERSONNEL SUPPORTED 
James C. Wu, Professor 
As the principal investigator of this project, Dr. Wu directed the devel-
opment of the integral-representation approach. He contributed to the theore-
tical aspect of this study, resolved major difficulties associated with the 
numerical treatment of boundary conditions, analyzed the flowfield segmentation 
technique, and extended the integral-representation approach to turbulent and 
to compressible flows. 
Magdy M. Wahbah, Post-doctoral FelloW 
Dr. Wahbah developed certain analytical expressions for geometric functions 
which are needed in the integral-representation approach. The availability 
of these analytical expressions made it possible to carry out the necessary 
computations with superior efficiency and high accuracy. He utilized these 
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K. Balasubramnian, M. El Refaee, R. Kumar, and Y. M. Rizk, Graduate Research 
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during this project and contributed to the programming aspects of this research. 
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RELATED EVENTS 
During the past three years, the principal investigator has been invited 
by seven different governmental, academic, and industrial organizations to 
give invited lectures, seminars, and to serve as panelists at specialists 
meetings. These invitations resulted from the impact that the integral-
representation approach, which is the focal point of this research project, 
has made to the field of computational fluid dynamics. The approach is 
now recognized by many fluid dynamicists as a most promising one for the 
future. 
In addition to the above, the principal investigator has been asked to 
serve as a reporter and a reviewer for international technical conferences, a 
reviewer of technical articles for several journals, a reviewer of proposals 
for several governmental agencies, a U.S. delegate to two International Sym-
posiums supported by branches of the U.S. government, and a collaborator in a 
NATO research project. The approach has been utilized by a number of research-
ers elsewhere, in academic and research organizations, to solve various viscous 
flow problems of interest. 
